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Magnetic field effects on spin texturing in a quantum wire with Rashba spin-orbit interaction
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A quantum wire with strong Rashba spin-orbit interaction is known to exhibit spatial modulation of spin
density along its width owing to coupling between subbands caused by the Rashba interaction. This is known
as spin texturing. Here, we show that a transverse external magnetic field introduces additional complex
features in spin texturing, some of which reflect the intricate details of the underlying energy dispersion
relations of the spin-split subbands. One particularly intriguing feature is a 90° phase shift between the spatial
modulations of two orthogonal components of the spin density, which is observed at moderate field strengths
and when only the lowest spin-split level is occupied by electrons. Its origin lies in the fact that the Rashba
interaction acts as an effective magnetic field whose strength is proportional to the electron’s velocity.
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I. INTRODUCTION

Rashba spin-orbit interaction in a quantum wire can cause
a multitude of spin related effects. For example, it can accu-
mulate spin at the edges of the wire in the presence of an
axial electric field, leading to the intrinsic spin Hall effect.!-3
Even without any external electric or magnetic field, it can
cause a spatial modulation of the spin density across the wire
width due to subband mixing. This phenomenon has been
called “spin texturing.”#-%

Here, we study the effect of a transverse external mag-
netic field on spin texturing. A longitudinal magnetic field,
directed along the wire axis, will affect the dispersion rela-
tions of the magnetoelectric subbands,”® but a transverse
magnetic field typically has more interesting effects. In ad-
dition to modifying the dispersion relations,”'? it can cause
exotic effects such as a resonance in the spin Hall
conductance.!! Here, we show that it has nontrivial effects on
spin texturing and brings out underlying features of the en-
ergy dispersion relations that usually remain concealed under
equilibrium conditions. These features are observed under
moderate magnetic fields and experimentally realizable con-
ditions.

The system that we study is a semiconductor quantum
wire of finite width. The transverse magnetic field is applied
in the same direction as the symmetry-breaking electric field
causing the Rashba interaction. We find that for weak to
moderate field strength, a 90° phase shift is observed be-
tween the modulations of the spin density components along
the direction of the external magnetic field and the direction
of the pseudomagnetic field caused by the Rashba interaction
(these two fields are mutually perpendicular). The spatial
modulations of these two components are 90° out of phase
with each other when only the lower spin split level in the
lowest subband is occupied by electrons. When both spin-
split levels in the lowest subband are occupied, other com-
plex features emerge that reflect the intricacies of the under-
lying energy dispersion relations of the levels. For example,
the spin density at arbitrary locations in the wire flips sign as
the magnetic field is varied. This happens primarily because
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the energy dispersion relation of the lowest spin-split level
changes dramatically as the magnetic field strength is varied.
We study these effects by solving the single particle effective
mass Pauli equation to find the spin eigenstates and the spin
density. Finally, simple physical pictures are presented to
elucidate the origin of the observed features.

II. THEORY

Consider a quantum wire with a rectangular cross section
as shown in Fig. 1(a). The transverse dimension along the z
direction is much larger than that in the y direction. In the
Landau gauge A =(Beyemaz»0,0), the single particle effective
mass Hamiltonian describing this system is

5+ eA)> B T
H=M+V(y)+V(z)—M
2m 2
7R
+ z Uz(px + eBexlernalZ) - O'sz], (1)

where g is the Landé g factor of the quantum wire material
and 7y is the strength of the Rashba interaction. We ignore
any spatial variation of 7 within the wire. We also ignore
any band structure nonparabolicity effects which can modify
the energy dispersion relations of the spin-split magnetoelec-
tric subbands.!>!* For the low electron energies considered
in this study (low carrier concentration, only the lowest sub-
band is occupied by electrons), these nonparabolicity effects
are unimportant.

Because of the static electric field £, inducing the Rashba
interaction, the potential along ¥ is given by V(y)=—¢E,y.
We assume that outside [0, W,], V(y) — . Similarly in the £
direction, we assume V(z)=0 for 0<z<W, and % every-
where else. The Rashba interaction strength 7 is related to
E, as mr=aysE,, where aye is a material constant.

The eigenenergies (E) and the corresponding two-
component spinor eigenfunctions (V) are found by solving
the Pauli equation HV=EWV, where H is given by Eq. (1).

©2008 The American Physical Society
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FIG. 1. (a) A quantum wire with rectangular cross section (Wy< W,=100 nm). A symmetry breaking electric field E, in the y direction
induces Rashba spin-orbit coupling. An external magnetic field Beyemar also acts along §. (b) E-k, plot for B=0.5 T, 7g=3 X 1071 eV m,
m" =0.03my, and g=—15. The quantity mL(mU) indicates the lower (upper) spin-split level of subband m=1,2,3.,.... (c) Real and imaginary
parts of the spinor wave function {(z)=[{,(2){s(z)]" in the 1L level. For negative k,, |{,/>|{4l so that these states are approximately

+z-polarized eigenspinors [1 0]T. For positive k,,

L=<\ B' so that these states are approximately —z-polarized eigenspinors [0 1]T. These

wave functions are slightly skewed towards opposite edges for opposite signs of k, since they are edge states.
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Since the entire Hamiltonian A is translationally invariant
along x and the coefficients of the Pauli matrices in H do not
involve x and y variables, we can write W(x,y,z)
=exp(ikx) d(y) [L(2) ¢ B(z)]T, where the superscript “T”
denotes transpose. Spatially averaging both sides of the Pauli
equation over x and y coordinates, we get

Eg(z) = [HOI+ Hs]g(z)’ (23)
where
(@) =[L2)  Lp]", (2b)
ﬁzkyzc ﬁz d2 eBexlernalzﬁkx
0= F T %, .t %
2m 2m dz m
212 2
+ M +e,+ V(2), (2¢)
2m
n d
|:_ 2_m*d_y2+v()’)}¢n()’)= n¢n(y)7 (Zd)
and

BCX ernal 0-’ eBex erna. Z d
Hsz—g'uB temal "y R (kx++l)o:+i0x— .
2 h ) dz
(2e)

Here n indicates the transverse subband index along y. We
assume that W, is sufficiently small so that only the lowest
subband (in the y direction) is occupied in all cases. We use
the symbol m to denote the transverse subband index along Z.

In order to calculate the E-k, relation and {(z), we solve

the Pauli equation (2a) subject to the boundary conditions

Llz=0)={(z=W) =0,

5,3(2 =0)= 53(2 = W) =0 (3)

using a numerical method described elsewhere.'*

III. RESULTS

Figure 1(b) shows the typical E-k, relationship for
Bexiermna=0.5 Tesla in the presence of a Rashba interaction
(7r=3%107"" eV m). The material is assumed to be InAs
with effective mass m*:0.03m0 and g=-15. The horizontal
axis represents k,+eBW_/2#, which we refer to as k, in the
following discussion. The symbols mL and mU (m
=1,2,3,...), respectively, indicate the lower and upper spin-
split levels of the mth subband. Note that the lower spin-split
level has a “hump” reminiscent of a camel’s back. This cam-
elback shape persists as long as the transverse field is lower
than a critical value B,,=2m" 73/ (h2| g| sz), which is 0.75 T
for the parameters that we have chosen. When B emal
> B,,, the camelback feature disappears and the shape of the
lower level becomes approximately parabolic like the upper
level. Figure 1(c) shows the wave functions ,(z) and {4(z)
for k,=#2X10° cm™ in the 1L subband when B.yemal
=0.5 T. As expected, these wave functions are skewed to-
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wards the edges of the wire, characteristic of “edge states.”
We define spin components S7'(k,,z) in the mth level as

Sj'(ky.2)

— [gz,m(kx’z) g;; m(kxvz)]o-j[ga,m(kx’z) gB,m(kxvz)]T
|§a,m(kx’z) |2 + |§B,m(kx’z) |2

j:xsysz’ (4)

bl

where [£,,,(z) {g,,(2)]" is the spinor wave function in the
mth spin-split level.

The above quantities not only depend on k,, but depend
on z as well. An electron, with a fixed k, and belonging to a
particular subband (mL/U), has different spin orientations
depending on its physical location along the width of the
quantum wire channel.

In order to find the net spin polarization density as a func-
tion of the z coordinate, we compute the quantity

Keim
w | Si(k.2)dk,

k m .
Siz) =2~ e I (5)
m Fm ™ "Fm

where M is the number of occupied spin-split levels (whose
bottoms are below the Fermi energy) and kj,, (kz,) is the
wave vector in the mth level where the Fermi level intersects
the E-k, curve on the right (left). Here, we have assumed that
the temperature is low enough that the electron occupation
probability, which is the Fermi-Dirac factor, can be approxi-
mated as ®(E-E), where O is the Heaviside function. If the
E-k, curve is symmetric about the energy axis, then &,
=—kp,,; otherwise (as in the case of B=0, when the E-k,
relations in the lowest subband are two horizontally dis-
placed parabolas), kj,, #—ky,,. A special case arises when
B<B,,=2m" 73/ (h?|g|us) and the E-k, curve has a camel-
back shape. If the Fermi level is below the “hump” of the
camelback, then

%) ko
f Sj(kxaz)dkx f SJ(kX’Z)dkx

k k
S'(Z) _ + Fl , / ) (6)
! kpy =k sz - kFl

Here kp, k- are the wave vectors where the Fermi level
intersects the E-k, curve on the left of the energy axis, and
kp, ki are the wave vectors where the Fermi level intersects
the E-k, curve on the right of the energy axis. Note that
because of ensemble averaging in Egs. (5) and (6) (repre-
sented by integration over the k states), the norm of S(z) is
not conserved, i.e.,

S32) + SH2) + 82(z) # 1 (7

at any arbitrary z coordinate.

In Fig. 2, we plot S,(z), S,(z), and S,(z) as a function of
the z coordinate when Bynq=0.5 and 10 T, while main-
taining a constant Rashba spin-orbit interaction strength 7,
=3x 107" eV m. The carrier concentration in the wire is
kept fixed at 6.3 10* cm™'. For this small carrier concen-
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FIG. 2. The spin polarization density S.(z), S,(z), and S,(z) as a
function of the z coordinate for two different values of Beyerar: (@)
0.5 T and (b) 10 T. The strength of the Rashba interaction 7z=3
% 107" eV m. The electron density is kept fixed at 6.3 10* cm™!
and only the lower spin-split level is occupied.

tration, only the lower level 1L is occupied (at 0 K). The
upper level 1U is unoccupied since the Fermi level always
happens to be below it.

In Fig. 2, we did not show the spatial variation of S,(z),
Sy(z), and S.(z) when Beyema=0 since then there is no sig-
nificant spatial modulation. Without an external magnetic
field, S,(z)=0 and S,(z)=S.(z) =0 for all z. To see any strong
spatial modulation in the absence of an external magnetic
field (i.e., significant spin-texturing),* we need very strong
coupling between the subbands, which we do not have in our
case. Our wire width is small enough that the energy spacing
between subbands is large and intersubband coupling is
small.

Returning to Fig. 2(a), we find that when Byerna=0.5 T,
(S,)=0 everywhere in all cases, but there is a clear spatial
modulation in S, and S, along the z axis. This results in a
standing “half wave” along the wire width. What is interest-
ing is that there is a w/2 phase shift between the spatial
modulations of S, and S, i.e., the y and z components of the
spin density modulations are 90° out of phase with each
other.

We provide a simple (qualitative) physical picture to ex-
plain the origin of this phenomenon. The Rashba spin-orbit
interaction gives rise to an effective magnetic field By, gpa- "
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It is directed along the z axis, since it must be along a direc-
tion that is mutually perpendicular to the symmetry breaking
electric field inducing the Rashba effect (which is along the y
direction) and the electron’s velocity (which is along the x
direction). This field Bg,gp, iS proportional to the electron’s
translational velocity v, along the wire axis.

When a y directed external magnetic field is present (i.e.,
Bexiema * 0), electrons in the center of the wire will be in
closed Landau orbits on the x-z plane with no translational
velocity ({v,)=0). Therefore they experience no Bgrygba-
However, electrons at the edges of the wire are in “edge
states” and have nonzero translational velocity ((v,) #0). As
a result, they experience a nonzero Bp,g,.- Furthermore,
since electrons at opposite edges have oppositely directed
velocities, they will experience oppositely directed Bgghpa-

Therefore the net magnetic field that electrons experience
in the wire is entirely y directed at the center since Bg,gp, 15
zero there. At the edges, Brspa 7 0, SO that the net magnetic
field there has both a y component and a z component. Since
the z component of the spins will line up parallel to Bgrusmpa
and produce a net z polarization of spins, we expect that S_(z)
will be zero at the center of the wire (because the Rashba
field is zero at the center), maximum at the edges, and have
opposite signs at the two edges because edge states at the
two edges have oppositely directed translational velocities.
At the same time, S, will be maximum at the center and
minimum at the edges since the net effective magnetic field
is entirely y directed at the center, but not away from the
center. This is precisely what we see and this is also the
explanation for the /2 phase shift between the y and z
components of the spin density modulation. The 77/2 phase
shift is simply a manifestation of the fact that |S.| is mini-
mum at the center and maximum at the edges, while |Sy| is
maximum at the center and minimum at the edges. Note that
S, is always negative because of the negative g factor (g
=-15 for InAs) assumed in the calculations.

There is never any x component of magnetic field seen by
any electron under any circumstance. Therefore S.(z) is al-
ways zero at every z coordinate.

If Beyiemar 1S too strong (10 T), then it completely over-
whelms the relatively puny By, Furthermore, most elec-
trons then condense into closed Landau orbits with no trans-
lational velocity, so that they experience no By, IN any
case. Therefore the overwhelmingly dominant magnetic field
every electron experiences is the strong y-directed external
field. Consequently, every spin aligns antiparallel t0 Beyemal
(i.e., along the negative y axis) everywhere except at the very
edges where there may be some lingering vestigial Bgygnba
due to any surviving edge state with nonzero translational
velocity. Consequently, S,=0 all along the width, except per-
haps at the very edges, and S, =—1 (except at the very edges)
since the external field is very strong and forces every spin to
align antiparallel to it. This is what we see in Fig. 2(b).
Furthermore, since Bogema 1S Spatially invariant unlike
Brasnbas it ends up quenching the spatial modulation of the
spin density when it is very strong.

In Figs. 3(a) and 3(b), we plot S,(z) and S_(z) as a func-
tion of z for different magnetic fields. Note that the /2
phase shift feature between the spatial modulation of S(z)
and S,(z) is preserved at all magnetic fields.
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FIG. 3. The spin polarization density (a) S,(z) and (b) S.(z) as a
function of the z coordinate for different values of Byma- The
strength of the Rashba interaction 773=3 X 10711 eV m. The electron
density is kept fixed at 6.3 10* cm™! and only the lower spin-split
level is occupied.

In Figs. 4(a) and 4(b), we plot S,(z) and S (z) as a func-
tion of z for different magnetic fields when the carrier con-
centration in the wire is increased to 9.2 X 10* cm™. For this
carrier concentration, both spin-split levels (1L and 1U) of
the lowest subband are occupied as long as Beyma 1S less
than some critical field B,;. AS B.yemal 18 increased, the spin
splitting between the 1L and 1U levels increases. Ultimately,
when Beyema > B.1, the upper spin-split level (1U) depopu-
lates and only the lower level (1L) is occupied.

As long as a single subband (1L) is occupied, i.e., when
Bexierna= B.1, the features in Fig. 4 are the same as in Fig. 3,
as expected. However, when By ema = B, S0 that both spin-
split levels are occupied, there is a sign reversal in S.(z),
meaning that at any location z=z, the sign of S.(z) is oppo-
site to what it is when a single spin-split level is occupied.
The quantity S,(z) has an even more complex behavior.
When the external field is very weak (0.25 T), S,(z) is posi-
tive everywhere, i.e., the y component of the spins are lining
up parallel to the y-directed external field despite the fact
that the g factor is negative. At stronger magnetic fields (0.5
and 0.75 T), there are zero crossings. The y component of
the spins are lining up parallel to the external field near the
wire’s center, but antiparallel near the edges.

These are nontrivial effects of the energy dispersion rela-
tions of the two spin-split levels. When both levels are occu-
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FIG. 4. The spin polarization density (a) S,(z) and (b) S.(z) as a
function of the z coordinate for different values of Bgyema- The
strength of the Rashba interaction 7,=3 X 10~!' eV m. The electron
density is kept fixed at 9.2 X 10* cm™! and only the lower spin-split
level is occupied when Byema <0.75 T. Under weaker magnetic
fields, both lower and upper spin-split levels are occupied.

pied, they both contribute to S,(z) and S,(z), but typically
with opposite signs. Since at any given k state, the spin
eigenstates in these two levels are orthogonal, the contribu-
tions to either §,(z) or S,(z) from the two levels tend to have
opposite signs. As a result, there can be some cancellation
between their contributions. If the upper level 1U dominates,
then we will get one particular sign of S.(z) or S,(z) at a
given location z=z,, whereas if the lower level dominates,
we will get the opposite sign.

Normally, one would expect the lower level 1L to domi-
nate, since it has the higher occupation probability; but this
does not always happen. The electron density is given by
JD(E)f(E)dE, where f(E) is the occupation probability
(Fermi Dirac factor) and D(E) is the density of states. When
Beyemar 18 1ess than B,.,, the lower level 1L has a “camelback”
shape so that the density of states in this level has a compli-
cated energy dependence. As a result, depending on the
placement of the Fermi level (i.e., the carrier concentration),
this level can contain fewer electrons than the 1U level even
though it has the higher occupation probability. Furthermore,
electrons in the lower level tend to have lower velocities
because of the nonmonotonic energy-wave-vector relation,
and thus experience a smaller z component of By g, On the
average. Therefore the 1L level may contribute less to S,
than the 1U level as long as B.yema < B In that case, the
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1U level will dominate and the sign of S,(z) and S,(z) will be
determined by the 1U level. If this happens, then the sign of
S.(z) and S,(z) will be opposite to what they would be if only
one level (the 1L level) were occupied.

When B.ema 1S increased, two effects can occur. First,
the camelback shape in the 1L level will disappear when
Beyiemal €Xceeds B,. After that, the shape of the 1L level will
begin to resemble that of the 1U level. When this happens,
the 1L level takes over the dominant role and becomes the
major (albeit not the sole) contributor to S,(z) because it has
the higher occupation probability. The second effect is that
when the magnetic field is increased, the energy splitting
between the 1L and 1U level increases. At some point, when
Beyiema €Xceeds a critical value B, the 1U level gets com-
pletely depopulated and the 1L level becomes the sole con-
tributor to S,(z). Suffice it to say then that as we vary Beyemals
we expect to see a change in the sign of S.(z) because of a
swapping of the dominant role between the 1L and 1U lev-
els.

This is precisely what we see in Fig. 4. In this case, a
change in sign of S.(z) occurs around 0.75 T which happens
to be the value of both B,.; and B,, because of the parameters
that we have chosen in this study. In reality, the change of
sign will occur when B,ema €xceeds B, or B.,, whichever
is smaller.
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The effect of the energy dispersion relations is even more
pronounced in the behavior of S(z). When the magnetic field
is 0.25 T, the 1U level dominates. Since the g factor is nega-
tive, the y component of the spins will align parallel to
Beyiermal 10 the 1U level and antiparallel in the 1L level. Be-
cause of the dominance of the 1U level (since Beyemal
<B,,B.), the y component of the net spin polarization is
parallel to Beyema and S,(z) is positive throughout. As we
increase the magnetic field, the dominance of the 1U level
wanes. At 0.5 T and 0.75 T, the sign of Sy(z) is negative near
the edges of the wire, but positive around the center. This
highlights the fact that the relative contributions of the 1L
and 1U levels to either S (z) or S,(z) depend on the z coor-
dinate, as should be evident from Eq. (5) or Eq. (6).

In conclusion, we have studied the effect of a transverse
magnetic field on spin density modulation in a quantum wire
with strong Rashba coupling. We have explained why a mod-
erate magnetic field introduces a 77/2 phase shift between the
modulations of the spin density components along the exter-
nal magnetic field (y direction) and along the direction of the
effective magnetic field due to Rashba interaction (z direc-
tion). We have also highlighted the intricate influence of the
underlying energy dispersion relations of the spin-split sub-
bands on the spin density modulation.

*Undergraduate summer intern visiting from the Indian Institute of

Technology, Kharagpur, India.
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